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Q1. (a) If H is a subgroup of G, show that for every 

                                          g ∈ G,H𝑔−1  is subgroup of G. 

(b) If p is the smallest prime factor of the order of a finite group G. 

           Prove that any subgroup of index p is normal. 

(c) Show that every maximal ideal of a commutative ring R with 

           until element must be a prime ideal.                                     (Year 1993) 

(40 Marks) 

Q2. (a)       Show that every irreducible element of a principal ideal domain 

                      Is prime. 

           (b)      Let F be a field having q element Prove that 

                       (i) Characteristic of F is p for some prime number p. 

                       (ii) q=𝑝𝑛
 for some n ∈ 𝑁. 

            (c)      The field k is an extension of field F. If a, b in k are both algebraic  

                       over F, show that a+b, ab and 
𝑎

𝑏
(𝑏 ≠ 0) are all algebraic over E. 

                                                                                                    (Year 1993) 

(40 Marks) 

 

 

 

 



 

 

Q3. (a) Define ‘group’.Show that the Zp of non-zero residue classes module a prime 

                     number p, is a multiplicative group. 

(b) Let G be the multiplicative group of all 2 x 2 real matrices with non-zero  

           determinant.Show that H={𝐴 ∈ 𝐺1 𝑑𝑒𝑡 𝐴 = 1}; is a normal subgroup of 

           G. 

(c) Let G be a multiplicative group. Show that 𝑓: 𝐺 → 𝐺 defined by 𝑓(𝑥) = 𝑥−1 

           is a group isomorphism if G is abelian.                                      (Year 1995) 

(40 Marks) 

Q4. (a) State and prove Sylow’s first theorem. 

(b) Prove that every group is isomorphic to a permutation group. 

(c) Prove that a division ring R has no ideal different from {O} and R. 

(Year 1995) 

(20 Marks) 

 Q5. (a) Prove that every Euclidean domain, is a principal ideal domain. 

(b) If F is a field, prove that F[x] is a unique factorization domain. 

(c) Let F and K be finite fields such that FCK. If F has q elements, 

           show that K has 𝑞𝑛 elements where n=[K:F].                           (Year 1995) 

(20 Marks) 

Q6. (a) Define automorphism, inner automorphism and outer automorphism of a  

                     group. Give an example of an outer automorphism. Let G be a group and  

                      l(G) be the group of all inner automorphism of a group G. Prove that l(G)≅ 

                      G/Z where Z is the centre of a G. 

(b) Let G be a finite group and p be a prime number such that p/0(G). Prove  

           that the number of Sylow p-subgroups in G is of the form 1+kp where k is 

           a non-negative integer. Prove that a group of order 72 is not simple.  

(Year 1997) 

(40 Marks) 

 

 

 



 

 

Q7. (a) Define unique factorization domain. Give an example of an integral domain 

                     which is not a unique factorization domain. If R is a unique factorization  

                     domain, prove that R[x] is also a unique factorization domain. 

(b) Define Euclidean ring. Show that the ring of Gaussian integers is Euclidean  

           ring and find all the units in the ring.                                      (Year 1997) 

                                                                                                                    (40 Marks) 

Q8. (a) If f  is a homomorphism of a group G on to a G and if the order of 𝑎 ∈ 𝐺 

                     is finite say n then show that the order of f(a) i.e. m is a divisor of n. 

(b) Show that the intersection of any two normal subgroup of a group is a 

           normal subgroup.                                                            (Year 1999) 

                                                                                                                       (40 Marks) 

Q9. (a) Prove that the set of all real numbers of the form m+n√2, where m and n are 

                     Integers with ordinary addition and multiplication forms a ring. 

(b) Define principal ideal domain and show that every principal ideal domain 

           is a unique factorization domain.                                       (Year 1999) 

                                                                                                                     (40 Marks) 

Q10. (a)       If the group G is abelian and N is any subgroup of G, prove that G/N is      

                      abelian. 

          (b)       Prove that every group is isomorphic to a subgroup of A(S) for some app- 

                      appropriate S.                                                                        (Year 2001) 

                                                                                                                (40 Marks) 

 

Q11. (a) Let J be the ring of integers, 𝐽𝑛 the ring of integers module n. Define  

                     𝜙: 𝐽 → 𝐽𝑛  by 𝜙(𝑎) = remainder of a on division by n. Verify that 𝜙 

                      a homomorphism of J on to 𝐽𝑛. 

 (b)  If U is an ideal of the ring R, then show that R/U is a ring and is a  

                      homomorphic image of R                                                     (Year 2001) 

                                                                                                                  (40 Marks) 

   

 



 

 

 

Q12. (a) Show that a non-empty subset H of a group G is a subgroup of G if a, 

                     𝑏 ∈ 𝐻 ⇒ 𝑎𝑏−1 ∈ 𝐻. 

(b) Show that every homomorphic image of a Group G is isomorphic to 

           some quotient group of G. 

(Year 2002) 

(40 Marks) 

Q13. (a) If R is a commutative ring with unit element whose only ideals are (0) 

                     R itself. Then show that R is a field. 

 (b) Show that if R is unique factorization domain then so is R[x].  

(Year 2002) 

(40 Marks) 

Q14. (a) (i) When is a non-empty set G called a Group? 

                    (ii) Suppose that G is a group such that (𝑎𝑏)2 = 𝑎2. 𝑏2 for every  

                            𝑎, 𝑏 ∈ 𝐺. Show that G is abelian. 

 (b) Let f : G→  𝐺 be a homomorphism with kernel K. Then show that K is  

                     A subgroup of G and the quotient group G/K is isomorphic to the image 

                      Of f.                                                                                     (Year 2002) 

(40 Marks) 

Q15. (a) What is a ring? Show that the set R(x) of all polynomials over R from a   

                     Ring with respect to the usual operations of additions and  

                     multiplication of polynomials. 

(b) (i) Let f and g be polynomials over a field K with 𝑔 ≠ 0 . Prove that  

               three polynomials q and r such that f= qg +r where either r=0 or  

               deg r < deg g. 

           (ii) Prove that D = {a+𝑏√2, 𝑎, 𝑏 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙}is a field.        (Year 2002) 

(40 Marks) 

 

 



 

 

 

Q16. (a) Show that a subgroup N of a group G is normal subgroup of G if the 

                     product of two right co-sets of N in G is again co-set of N in G. 

 (b) Show that a homomorphism 𝜙 of a group G into a group 𝐺 with kernel 

                     𝐾𝜙 is an isomorphism if 𝐾𝜙 = {𝑒}.                                    (Year 2005) 

(40 Marks) 

Q17. (a) Show that every finite group is isomorphic to a permutation group. 

(b) Show that a commutative ring with unity is a field if it has no proper  

           ideals.                                                                                 (Year 2005) 

(40 Marks) 

Q18. (a) Show that a cyclic group of order n has one and only one subgroup of  

                     order d for positive divisor d on n. Let S={1,w,𝑤2, −1, −𝑤, −𝑤2} 

                     where w= cos
2π

2
 +i sin

2π

3
 prove that S is a cyclic subgroup under 

                     multiplication. 

(b)      If p be a prime and a be an integer such that p is not a divisor of a, 

           then prove that 𝑎𝑝−1 = 1(mod p).                                       (Year 2007) 

(40 Marks) 

Q19. (a) Let 𝜙 ∶  {𝐺, 0} → {𝐺′ ∗} be an isomorphism, then prove that 

(i) G′,is a commutative if and only if  G is commutative. 

(ii) G′ is cyclic if and only if G is commutative. 

(b) Prove that a fenite division ring is a field. Also prove that if p be a 

           Prime number then p is a divisor of (p-1)!+1 

(Year 2007) 

(40 Marks) 

Q20. (a)      Show that the set 𝑆𝐴 of all permutations of a non-void set A is a group 

                     For the product of permutations. 

           (b).     If a is an element of a group G and it’s normalizer N(a)={ x ∈ G/ax=xa} 

                     Then prove that N(a) is a subgroup of G.                            (Year 2009) 

(40 Marks) 



 

 

 

Q21. (a) State and prove Sylow’s first theorem. 

(b) If R is a unique factorization domain (UFD) then the polynomial ring 

R[x] is also unique factorization domain .                           (Year 2009) 

(40 Marks) 

Q22. (a)      Prove that every quotient group of a cyclic group is cyclic but non  

                     Conversely. 

          (b)      If G is a group of order 𝑝𝑛 , then prove that its centre Z≠ {e},where 

                     P is a prime number.                                                         (Year 2012) 

                                                                                                              (40 Marks) 

 

Q23.  (a)      Prove that every finite group G is isomorphic to permutation group. 

          (b)      Prove that every field is a principal ideal ring. 

                                             (Year 2012) 

    (40 Marks)  

Q24.  (a)      Prove that the order of every element of finite group is a divisor of  

                     The order of the group. 

          (b).      Prove that every homomorphic Image of a group G is isomorphic to  

                      Some quotient of G.                                                         (Year 2016) 

(40 Marks) 

Q25.  (a)      Prove that every integral domain can be embedded into a field. 

          (b)      Prove that in ideal S of the integral domain Z is a maximal ideal of  

                      Z if it is principal ideal generated by a prime number. 

(Year 2016) 

(40 Marks) 

  

Q26.  (a)      Prove that every permutation in 𝑆𝑛, 𝑛 > 1  is a product of two cycles. 

          (b)      Let |𝐺| = 2𝑝 ,where p is an odd prime. Then prove that G isomorphic  

                     to 𝑍2𝑝 or 𝐷𝑝.                                                                         (Year 2018) 

                                                                                                                  (50 Marks) 



 

 

 

Q27.            If 𝜙  is a homomorphism of a group G onto a group G∗  with kernel K,  

                    Then show that G|K=G∗. 

          (Year 2019) 

           (50Marks) 

 

Q28.  (a)     Define a group and prove that the set of nth root of unit is a group with  

                    Respect to multiplication. 

          (b)     If U is an ideal of the ring R , then show that R|U is a ring and is a  

                    Homomorphic image of R. 

(Year 2019) 

(50 Marks) 
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